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A controlled system and the differential inclusion corresponding to it, which function in a finite time interval and are restricted
by a phase constraint in the form of a compact set in position space, are considered. A trial algorithm for the approximate
construction of the viability kernel of the differential inclusion is proposed and also an algorithm for constructing the €-viable
solutions of the controlled system and the differential inclusion. © 2002 Elsevier Science Ltd. All rights reserved.

The subject matter of the paper touches on that in [1-16].%

1. BASIC DEFINITIONS

Suppose a control system is given, the behaviour of which is described by the equation.
x=f(t,x,u), ucP, tel, I={1,,0], t,<B8<00 (1.1)

Here, x is an m-dimensional phase vector of the system, u is a control and P is a compactum in the
Euclidean space R™.
It is assumed that the following conditions are satisfied.

Condition 1. The vector-function f{t, x, u) is continuous with respect to the set of variables ¢, x, u in
the domain T X R™ X P and also for any bounded and closed domain D C I X R™, a constant
L = L(D) e (0, =) exists such that

hfex" u)~ it xwli<Llix” =x, Il (t.x")and(t,x,) from D, ueP

Condition 2. A constant i e (0, o) exists such that
Nf@ xnll=pQ+ixl), (tx,u)eDxP

By a permissible control u(t), t € I, we mean any function which is Lebesgue measurable and which
satisfies the inclusion u(f) e P, te L.

We will cali the absolutely continuous vector function x[t], ¢ e I which is such that x[¢] = f(t, x[t], u[t])
almost everywhere in I the solution of Eq. (1.1), that is generated by the permissible control
u(t), t e I. We will denote the set of all x* € R™, at which the solutions x[t], x[¢,] = x. of Eq. (1.1),
generated by all possible permissible controls u(t), arrive at the instant ¢*, by the symbol Y(¢*, t,, x,),
tg <t, <t < 0. We will call Y(t"; t,, x,) the attainability set of system (1.1) with the initial condition
x[t,] = x, corresponding to the instant ¢*.

In accordance with Eq. (1.1), we set up the differential inclusion

xeF(t,x), tel, F(t,x) =co{f(t,x,u): ucP} 1.2)

where co {°} denotes a convex hull.

We will call the absolutely continuous vector function x[t], ¢ ¢ I, which satisfies the differential inclusion
(1.2) almost everywhere in I, the solution of the differential inclusion (1.2). We will assume that
X(t;t.,x.), tg < t, <t < 0 is the set of allx* e R™ at which all possible solutions x[t], x[t,] = x, of the
differential inclusion (1.2) arrive at the instant ¢*.
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The equality
X(t*;t,,x,)=clY(";t,,x,), x,eR™ 1.3)

holds, where clY is the closure of the set Y.

It is more convenient to work with closed attainability sets and we shall therefore work with the
attainability set of differential inclusion (1.2).

We will assume that, together with systems (1.1) and (1.2), a closed set ® C I X R™ is specified which
has the non-empty intersections ®(¢t) = {x € R™: (t,x) € ®},¢ € I and, moreover, ®(0) is compactum
in R™.

We shall say that the solution

x(t], tels,0], x[t]=x,, t, €l (1.4)

of differential inclusion (1.2) is viable in @ if

(t,x{)e®, relt,,6] (1.5)

2. THE VIABILITY KERNEL

We will now consider the problem of the approximate construction of the viability kernel of differential
inclusion (1.2) in the set &.

Definition 2.1. We will call the set of all (£,,x,) € ®, which are such that solution (1.4) of differential
inclusion (1.2) exists which is viable in ®, the viability kernel Q of differential inclusion (1.2) in the set
D.
Taking conditions 1 and 2, which are imposed on system (1.1), into account, it can be shown that the
set of all (, x), belonging to the solutions of differential inclusion (1.2), which are viable in ®, is contained
in a certain bounded and closed set D C I X R™. We shall assume, without loss of generality in the
arguments, that all the points (¢, x[t]) and all the constructions which are considered below are contained
inD.

We will use the notation

" (8) =sup{d(F(¢", x*), F(t,,x.)):(¢",x"),(t,, x,)€D, |t* —t,|+||x" - x, 1<)

2.1)
o(d) = 8w’ (1+K)8), §>0, K =max{]l f(t,x,u)l:(t, x,u)e DX P} < oo

Here, d(F*, F.) is the Hausdorff distance between the sets F* and F..
It follows from the definition of the functions ®*(8) and w(8) that they decrease monotonically to

zero when § — 0.
We will now specify the sequence of subdivisions I', = {t, #;, ... tn(s) = 0} of the interval I such that
the diameters

A" =max{A, :0<i<sN(m)-1}, A, =1, —1

of the subdivisions I',, tend monotonically to zero as the number n increases.

Note that the instants ¢; of the subdivisions I',, are their own for each subdivision I',. However, in
order not to make the notation more complicated, we shall not explicitly reflect this dependence of the
instants of time on the number n. We will assume that

XX = U X(";n,x), X,cR”

xe €Xa
X' X ={x, eR™ : X ;1. x)NX 2D}, X' cR"™
X"t x,) = x; + (¢ - 1,)F(,, x,)
X7, X ) = {x. eR™: X (" t.x)NX" 2D}

and that X, is the e-neighbourhood of the set X*. Here, 7y <¢, <t' <8, X" CR", £ > 0.
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We set up a sequence {€;} of numbers to correspond to each subdivision I',.
£, =0(A,_)+(+LA,_ ey, i=12,...,N@n);, € =0

We also set up a sequence {8t} of sets Q™) C R™, t; €T, defined by recurrence relations,
starting from the final instant #y(,, = 6 of the subdivision I, correspondmg to each subdivision I,.

Definition 2.2. We will assume that
Q" (9) = @(G)EN“)
O™(1) = (1), VX7 (031,27, i=Nm) -1, N(m)=2,...,0

The sequence {Q®(z)} is therefore the retrogradely defined sequence of sets Q™ (t,) in R™. We will now
determine the limit of this sequence {Q)(r;)} when A, the diameter of the subdivision [, tends to zero.

Definition 2.3. We will assume that Q0 is the set of all points (t,, x,) eI X R™, for each of which a
sequence

{(Tx,): T, =1,(8,), x,€Q(1,)} (22)

that (1,,x,) = lim(t,,x,); here r,(t.)= min 1.
[Lndad 4 €Tyt =1,

is found.

It foliows Irom this definition that Q° C &.

Note that Q° is non- empty since, accordin ng t to the definition, Q¢ )(tN(,,)) = ‘D(G)EN(,,), and this means
that the intersection Q%(8) = {x: (9 x) € Q"} is non-empty.

The following assertion holds.

Theorem 2.1. The set Q" is the viability kernel of differential inclusion (1.2) in the set @, that is Q’=q.
Proof. We will first prove the inclusion Q" C Q. We fix an arbitrary point (¢,, x,) eQ’t, <0anda
sequence (2.2) is found such that (z,, x,) = lim 1 (T, Xn)-

We now cons1der an arbitrary number n and the interval [z,, 6] corresponding to it. It follows from
the inclusion x, e Q®)(t,) that a vector function %™[t), which is absolutely continuous in [1,, 8], exists
such that

;(")[tléF(tp-i(n)[tiD’ IE[’,'J;‘H )C[tn‘e)
2.3)

i, l=x,, 2P01eQ7@), 1,<t,<0

We now introduce functions into the treatment which are continuous extensions of the functions ¥™[t],
t€[t,, 0] in the interval [¢,, 6]

=(n)

. ], st<t

sy ={ s b WSIST g
M), t,<t=06

Since the sequence {7®™[¢]} is uniformly bounded and equipotentially continuous in [t,, 8], a uniformly
converging subsequence can be selected from it. Without loss of generality, we shall assume that the
sequence {7™[¢]} itself is uniformly convergent in [t,, 6]. On putting

x[t]= hm 721, tel,,0]

we obtain

Xt 1= hm §™[ = hm x(")[‘l: ]=limx, =x,

(2.4)
x[t]= lim 3] = lim "1, te(,,0]
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If follows from condition (2.2) and (2.3) and from relations (2.4) that the vector function x{t],
te(t,, 0] satisfies the differential inclusion

X eF(z, x) almost everywhere in [¢,, 0] 2.5)
and the inclusion

*[1eQ(), telt,,0] (2.6)
Inclusion (2.5) is proved in the standard way (see, for example, [1, pp. 60, 61]).

We will now prove relation (2.6). We fix an arbitrary instant 7& [t., 0]. The equality x[t] = Jim y(")[t] holds for

this instant. By construction of the function 7™[t], ¢ [t., 8], the mclusnon T[] = 20[1,(0)] ) ”)(t,,(t)) is satisfied,
and the instant t,(¢) is defined above. We put 1, = 1,(t) and y, = [t,,(t)] Then,

NG D =My U XD = (5P 0D+
+I(LF D = (4 (0,5, ODI ] - 5P+ (1 + K)A™

On taking account of this equality and the limiting relations

1= lim y(")[t] lim A =0

n—oo

we obtain that

(LAD = Hm (y.y), My = 1a(0), 30 €2 (,)

Inclusion (2.6) is thereby proved.

Inclusion (2.6) means that (¢, x[t]) e Q°, ¢ [t., 6]. Then, on taking account of the inclusion ®° C ®,
we obtain (¢, x[t]) e ®, t[t,, 6].

We have thus shown that a solutlon (1.4) of differential inclusion (1.2), which i is viable in @, can be
found for any point (z,, x,) e Q’, ¢, < 6. It is also obvious that any point (t,, x )eQlt, =0 satisfies the
inclusion (t,, x,) € ®. At the same time, it has been shown that Q" C Q.

We will now prove the inverse inclusion Q C Q°.

Consider a subdivision I',, of the interval I and all of those intersections Q(t,), t; € T, of the set Q
which are non-empty. The notation T, = {t; e I,: Q(t;) # @} is used. It is clear that the set T, possesses
the following property: if#; € T, thent;,; € T,.

The inclusions

Q) cOUINX " (134,1,211,1)), €T, (2.7)
hold. , .
Actually, suppose x¥) € Q(t;). Then, a solution x[t}, ¢ € [t;, 6], x[t;] = x® of differential inclusion (1.2)

is found which is viable in ®. Since the solution x[t], ¢ € [£;4,, 0] is viable in ®, then x[t;.1] € Q(t;41)-
1t follows from this that

Xt 13t x5 DN, ) 2D
and this means that
QU)X (1it41,Q154))

On also taking account of the inclusion Q(#;) C ®(t;), we obtain relations (2.7).

We now choose an arbitrary instant ; € T, ; < 0 and consider the sets Q(¢;) and Q(t;11)w(a;); the
numbers 0(A;) are defined above.

The inclusion

Q(‘,‘)C)?_I(ti;ti+IvQ(ti+l)m(A‘~))’ €T, 28)
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holds.

We will now prove this. Suppose x[t;] € Q(t;). Each pointx{t;,] € X(t;41; t;, x[t;]) is a finite value of a certain solution
x[t], t € [t;, ;1] of the differential inclusion x e F(t, x), t [t;, t;41] with an initial value x[t;]. The equality

fiv
g l=xlgl+1 1= jlf[t]dt, SUeF@,x[t]), telt;.t;4])

L]

holds.
On taking account of the definition of the function ®*(A), we obtain

d(F(t, x(1]), F(. xl; <o’ (-1 +ixle]- 25D <o (1 +K)4,), telt; b1 2.9)
This means that the inclusion

SUuleF@, x{;]) .

o @Ky fEllidtiv]

holds, from which the inclusion

%l,‘ GF(li,X[li]) .

o (1+K)A;) (2'10)

follows.
The inclusion

X[ti+l ]Gx[f,']+ AiF(ti,x[t,-]) .

o' @+Kony = XUistitisHlilaca)) 211)

follows from (2.10).
On taking account of the fact that relation (2.11) was obtained for an arbitrary point x[t;41] € X(t;+1); t;, x[t:],
we conclude that

Xt x4 DXt 4 i 2l Doa,)
It follows from the inclusion x[t;] € Q(z;) that
QUi )Xty 438, 5[5, )2 D
and this means that
QUi eoia;) VX3, X1 DB (2.12)

Since the instant ; € T,, and the point x[t;] e Q(z;) were chosen in an arbitrary manner, the inclusion (2.8) follows
from (2.12).

We now define a system {Q™(t,) : t; € T,.} of sets Q®)(z,) by the equalities Q) = Q(#),; (the numbers
g; are defined above at the beginning of section 2). According to the definition of the sets {Q®)(t), 1, € T,},
the inclusions

Q)" (t,), teT,

are satisfied.
The inclusions

eT (2.13)

n

ﬁ(")(’.‘)c)?-l(‘i'»fnpﬁ(")(‘m)), t;

hold.

We will now prove this. Suppose x[t;] € Q®(t;) and x"[1;] is the closest point in ©(f;) to the pointx{t;]. The inequality
llx{z:] - x"[] || <e; holds.
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The relation
Qi ia;) N XUy 1571412 D (2.14)

follows from the inclusions x*[;] e Q(¢) and (2.8).
A point

Sal=x" 151+ A7 16) £71G)eFEx 1D (2.15)

then exists which is contained in Q(#;41)w(a;)-
Taking account of the inequality

d(F(t;, x(4;)), F(t;, x" (1)< Llxle;]- 2[4 00
we choose a vector f[t;] e F(t;, x[t;]) which satisfies the inequality
/11~ £ [ W< Lif 2l - x" [ < Le;

It is then found that the point x[t;41] = x[t;] + A;f[t;] is spaced a distance from the point (2.15) not greater than
by the amount

Nxle; )= x" 100+ A, 114 )= £ 1< A+ LA e,
This means that
141 1€Q (1111)
Hence, it has been shown that the relation
Xt 5, DNQ (1;,) 2 D

holds for any t; € T,,, x[¢;] efz(”)(t,-), and inclusion (2.13) follows from this.
The inclusions

Q") Q™(r,), 1T, (2.16)
hold.
We will now prove (2.16) by mathematical induction. In fact, the relations

Q" (1)=Q(t)e, <P, €T, (2.17)

At =Qtin)e ) =Pltwmde ) = X Oiny) (2.18)
are satisfied. Consequently, Q®(r,)CQ®(t,) is satisfied for i = N(n).

We will prove that this inclusion is satisfied for all remaining i for which ¢; €T,
To do this, we assume that ¢; € T, and that the inclusion

Q" )eQ;,) (2.19)

holds for the instant ¢; ;.
We will now prove that QM(1)cQ™(t,). Actually, it follows from (2.13) and (2.17) that

ﬁ(")(t. e (D(!,- )e- ﬂ X-l (’,';t,u,] 'ﬁ(")(‘iu )
and it follows from (2 19) that ©(8)e; N X (8 ti41, Q1)) CO()e; N X (5 ti41, Q®(ti41)). From this

we obtain Q (t )CQ (t) At the same time, relations (2.16) have ‘been proved.
We will now use relation (2.16) to prove the inclusion Q C Q.
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In the case when ¢, = 6, the equalities
Q@) =D(O), P(tv) =D(B)

are satisfied and this means that Q(¢,) = Q(,).
Suppose ¢, < 8. We choose an arbitrary point (¢,, x,) € Q. The inequalities

L<tL)<t+A" n=1,2,...

hold.

Since (t,,x,) € Q, a solutionx{t], ¢ € [t,, 0], x[t,] = x, of differential inclusion (1.2) exists which is viable
in ®. Any “piece” x[t], ¢t € [t*, 0], ¢, <" < 0 of this solution is a solution of differential inclusion (1.2)
which is viable in ®. The inclusion

x{t, (1)) € Qt, (1)) € @71, (8,)) € Q™M (1,(8,))

follows from this.
This means that a point x[¢,(¢,)] is found for each » such that

xle, (1)) € Qe (1)), 11 x01,(1)) - x, < K2, (1) - 1)
On taking account of the equality

lim (2, (t.)-t)=0
we obtain that the sequence {(z,(t,), x[t,(t,)])} satisfies the relation
lim (2, (8.), x[£, (£))) = (&, x.)

and this means that (t., x.) e Q.

It has been shown that Q(t.), C Q%(z.), t. < 6.

The inclusion Q C Q° follows from the relations Q(6) C Q%(8) and Q(z.) C Q°(.), t. < 6. From the
inclusions Q° C @, Q  Q°, it follows that Q = Q° Theorem 2.1. is proved.

3. THE CONSTRUCTION OF E-VIABLE SOLUTIONS

We will now propose a procedure for constructing e-viable solutions of control system (1.1) and
differential inclusion (1.2). This procedure is a well-known control procedure with a guide [4], which
has been adapted for solving viability problems. We will assume that the following condition is satisfied
with respect to the set @.

Condition 3. The inequality
sup d(@("), ®(1.)) < x(8), >0

.
et el it —1,1<8

is satisfied, where the function y(8) satisfies the limiting relation lgxa x(8) = 0. Here, d(®(r"), ®(2,)) is

the Hausdorff distance between the intersections ®(¢,) and ®(¢*) of the set ®.

We will now describe a control procedure with a guide. Suppose I',, is a certain subdivision from the
sequence of subdivisions of the interval I, which has been defined in section 2. We will assume that we
have already calculated all of the sets Q®)(t,), t; € T, defined by the relations

Q@) = D), Q"(t;) = (), O X 01, QP U )), 1ot €T,

Suppose t, is the least instant in the set T,. We consider an arbitrary point x.efz(")(tk) and put
x[te] = z[te] = x.. A vector ft,] e F(t, z[tx]) is found such that

At = A+ A flE 1€ QP (1)) (3.1)
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Since z[t;41] efz(")(tk+1), a vector flty41] € F(tys1, Z[ty+1]) is found such that relation (3.1) is satisfied
when k is replaced by & + 1. _

We assume that the point z[t;, ] € Q(")(tkﬂ,) has been calculated at a certain instant £, € T,. We
then determine the following point z[f; ;. 1] using relation (3.1) with & replaced by k + p, wﬁere Slteep)
is a certain vector from F(¢;,,, z[tx.p]). Thus, by continuing to construct the points z[t;}, z[t;+1], .. -,
2[tysp)s 2[tesp 1], - - -, successively, we finally construct the last point such that relation (3.1) is satisfied
when k& = N(n) - 1, where

tnim11€ Q7 Cpiayr)s Sltnny-11€ Fltyeny—1s 2tnay-1 1)

The sequence {z[1]} (i = k, k + 1, ..., N(n)) satisfies the relations z[] e ®(t;),, and it can
be represented as a discretely defined motion of a guide for control system (1.1) in the interval L
We supplement the discretely defined motion of the guide in the whole of the interval [t,, 6] by
putting

) =z[e) + (= 1)), 1€ [t tiy), i=kk+ 1., N(n)-1
Using the motion of the guide z{t], ¢ € [t, 8], we determine the control
u(t) =u, te [t,', ti+l)’ u; e P, i= k, k+ 1,..., N ('I)— 1

which generates the e-viable solution of system (1.1) We determine the sequence uy, U1, .. ., Ungy1
as follows. We consider an interval [t;, #;,) of the subdivisions I',, and arbitrarily choose a vector
uy € P. The solution x[t], t e [t;, ty+1] of system (1.1), generated by the control u(t) = uy, t € [t, tesq)
and with an initial condition x[t,] = x., satisfies the relation

x[t]=x, + (1;,1), B(t,.1)= j St x{thu(t)dr, telt, b, ]

fs

We now consider the interval [t;.,, #+2) and the vector s[ty ;] = 2[tx41] = X[te+1)-
If 5[t 1] = 0, we choose an arbitrary vector uy,; € P
If s{ty+1] 2 0, we choose a vector uy,; € P from the condition

st 1V F gy 2ty J sty = T:;‘ Sl 1 f Wy, X[ty ) 0)

where s’f denotes the scalar product of the vectors s and f.
The solution x[t], t € [ty+1, te+2] Of system (1.1), which is generated by the control u(f) = uy,4,
t e [ty+1, tk+2), satisfies the relation

x(1] = X[l ] + Pthars D, 1 € [hy1, lha2]
Next, we calculate the vector s{t;3] = z[ty+2] — x[tx+2] and, as before, we choose a vector uy,, € P.
Thus, by continuing to construct the vectors s[t;] = z[t;] — x[t;] and w;(0 = k, k + 1, ..., N(n) - 1)

successively, we also determine in parallel the solution of system (1.1) which is generated by the
piecewise-constant control

u(t)=u,-, te [’i’ ti+|)’ i= k,k+1,..., N(n)— 1
We have
xt]=x[g}+ @@, 1), te (4 ti]), i=kk+1,...,N@n)-1

We will now derive an upper limit of the square of the magnitude of the deviation of the solution
x[t] from the set ®(¢), ¢ € [t, 6]. This deviation will be denoted by the symbol

d(x[t],®()) = min || x[t]-wi|
wed(t)

To do this, we first derive an upper limit of the quantity ||s[¢] ]| in terms of the initial magnitude of
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Is[ze]II* (the notation s[t,] = z[t,] ~ x[tx] = O is used here).
The equality

vl iyt
st 1=slt1+ [ flgdde= [ feexle)u()ar (32)

1A 4]

Fl1€ F(t,2(5D), w; € Uy (6, x5, U (4, x081) = {uy € Pl (1, x08)u,) =
= ma;( s[t,'],f(t,"x[t,']yu)}v sl )= 2[5;1-x(1;]

tisy
W stei JIP=I ST 7 +2 | sl T CFI1= £ xe)u))de +¥( 8yy)

2
lisl
Y(t.'”m):[ | (f[’i]—f(!,x[t]'“i))d'J

holds for eachi, k <i < N(n) - 1.
Using arguments which are standard in the theory of differential games (see [4]), we obtain

s Y (F1e )= £ x0),u)) < L sl 1)1 +yo" (1+ K)A))
¥ = YD) = max{li(s, w.) — (¢, w)il: (£, wi), (t, w*) € D} <«

whence we find

T+l
2] stV (143 £t u))de < 2L 1 sl 11 A, +y0° (1 +K)A)A, (33)

1
The limit
V(tinti) < 4K2AL (34

holds for the quantity y(z;, £,41).
Taking (3.3) and (3.4) into account, we obtain

W slti o M2 sl 102 4204, sl 11 +y0” ((1+ K)A)A,; +4K2AS,  i=kk+1,...,N(n)-1|

and, from this, the limit

st 1P 57 1l 117 +A,9(A)), i =k k+1,...,N(n)-1 (3.5)
follows, where

9(A) =yo*((1 + K)A) + 4KZAZ, A>0
is a quantity which tends to zero as A — 0 and is independent of the choice of the points (¢;, x[t;]) and
e i
Wsis 110 < MO0 sr 1P +©O - 1)9(A™)), i=k+1,k+2,...,N(n)

is obtained from the limit (3.5) by successive substitution of its upper limit instead of the quantity [s[t;]]j*
Since ||s[t]]} = 0, we then obtain

sl 1112< 07100 — 1)@(A™), i=k+1,k+2,...,N(n) (3.6)

Further, d(®(t;), ®(1)) < x(A;) according to Condition 3. The inequality
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lzle) = z[edll < @ = AT < KA, 1€ [, i)
is also satisfied, and it follows from this that
d(2[t], @) |l 2le] - 211 +d(zle; ], D1 ) + d(P(5), D) < KA, +¢€; +x(4;)
and this means that
d(2[1), ®()) < KA™ + ey +X(A™), teltintin], i=kk+1,...,N(n)-1 (3.7)

Hence, inequality (3.7) holds for any point z[t], ¢ & [, 0].
Taking account of the limit

Ixle] = x[edll < K4; < KAW, ||71] - 2[1]ll < KA; < KA™
whent e [t;, t;11],i = k, k + 1, ... N(n) - 1 and, also, limit (3.6), we obtain
N x(e] = 2le] < 1 <o) = xCe )+ I xle) = 20,01+ 28] = 2l i 2KA™ +
+elO0 (g 1Y oAy
In turn, we find from this
d(x[1], ®() < |lx[e] - z[All + d(z[e], D) <
< 2KA™ + L0700 = 1)) o(A™) % + KA™ + £, + 2(A™) (3.8)
The limit
Engn < €7070(0 - 19)0" (1 + K)A™) (3.9)

holds for the quantity €, on the right-hand side of inequality (3.8).
Taking inequality (3.9) into account, from (3.8) we obtain the limit

d(x{r], (1) < 3KA™ + 207000 — 1) (A™) % +
+eL70(9 - 1)o" (1 + K)A™) + 3(A™) (3.10)
Since the functions @(A), w*((1 + K)A), x(A) satisfy the limiting relations

lAl%(P(A)=0, k%w ((1+K)A) =0, LTF)X(AFO,

and the sequence of subdivisions {I',} of the interval I is such that ’!i_ry“A(") = (), the right-hand side of
inequality (3.10) tends to zero as n — . It follows from this that the following assertion holds.

Theorem 3.1. Suppose control system (1.1) satisfies Conditions 1 and 2, and the set — constraint
® satisfies Condition 3. Then for any € > 0, a number n, = n,(¢) is found such that for every
n = n, and any pointx, € Q(8,)(t, is the least instant in the set T,), a permissible control is found that
generates a solution x[t], ¢ & [#, 0] of system (1.1) which satisfies the inequality d(x[t], @(?)) < &,
te [tk’ 9]

Remark 1. The construction of an €-viable solution x[¢] is possible for the approach described here only if
the functions @(8), ({1 + K)8) and y(8) of the variable & > 0 are known. In the case of this condition, on

fixing € e (0, =), we find a number n, = n,(€) such that, when n = n,, the following inequalities, for example,
hold

IKA™ < /4, MO0 (0152 0(AM) 2 < /4

eL(O—Io)(e_to)%m*((l+K)A("))< e/4, X(A("))S e/d (311)
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Such a choice of the number n = n, ensures the existence of a solution x[t] of control system (1.1)
) =x. € Q™(1,)), which satisfies the 1nequahty d(x[t), CD(t)) < g,t € [y, 0], that is, which is e-viable in ®.

By virtue of the monotonic decrease of the diameters A" to zero when n — oo, we also obtain that, for any n
= n, and for any pointx, e Q) (t), a permissible control u(t), t € [t;, 0] is also found which generates an ¢-viable
solution of control system (1.1). This control u(f), t € (¢, 0] can be formulated as a piecewise-constant control for
system (1.1) in a control procedure with a guide corresponding to the subdivision I[',..

Remark 2. A permissible piecewise-constant control u(®), t e [t;, 0)], that generates a solution of system (1.1)
which is e-viable in @, is found in the case of the numbers n, to which the diameters A(") that satisfy inequalities
(3.11) correspond, not only for the points x, € Q®)(t,) but also for every pointx, € Q(,),t; € T,

Remark 3. In the case when control system (1.1) is autonomous, that is, the vector function f{¢, x) does not explicitly
depend on ¢, the function »*(8) (see the beginning of section 2) takes a form which differs from (2.1) in that
d(F(t’, x"), F(t,,x.)) is replaced by d(F(x"), F(x,)) and, moreover, d(F(x"), F(x.)) < L||x" - x.||.

In this case, limit (2.9) for the change of the set F(¢, x) along the solution x[¢], t € [#, #;+1] can be replaced by
the limit

d(F(x[t]). F(ult; ) < Ll x{r] - xlt;]li< LKA;,  ret;,8i4]
Hence, in the case when control system (1.1) is autonomous, the function w’((1 + K)8, 8 > 0 in section 2 can

be replaced by the function w*(8) = LKS, 8 > 0 and, if it is also permitted that the function %(8), 8 > 0 has the
form x(3) = o8, & > 0, where o and P are certain positive constants, then limits (3.11) take the form

2
IKA™ < £/4, MO0 1)2 (LKA + 4K2AM )/ < /4

L1 (g _ V2 LKA™ < ¢/4, aa™® <esa

Then, the number #n,, about which we have spoken in Theorem (3.1), can be determined as simultaneously
satisfying the four equalities

2

A("-) < € A(Il-) < €
12K 1662L(0-10)(,YLK+4K2)
1/
A('l.) < € l , A("a) <( ) P
4eM®-10) (g ;)2 LK 4a

Since the diameters A® decrease monotonically to zero as n — o, a permissible control u(t), t € [t, 6]
which enerates an t-viable solution x[t] of control system (1.1) is found for every n = n, and any point
x, € Q).

This research was supported financially by the Russian Foundation for Basic Research (99-01-00146,
96-15-96245).
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